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Abstract
We study the primordial scalar and tensor perturbations in inflation scenario involving a specta-
tor dilaton field. In our setup, the rolling spectator dilaton causes a tachyonic instability of gauge
fields, leading to a copious production of gauge fields in the superhorizon regime, which generates
additional scalar and tensor perturbations through gravitational interactions. Our prime concern
is the possibility to enhance the tensor-to-scalar ratio r relative to the standard result, while sat-
isfying the observational constraints. To this end, we allow the dilaton field to be stabilized before
the end of inflation, but after the CMB scales exit the horizon. We show that for the inflaton slow
roll parameter ǫ & 10−3, the tensor-to-scalar ratio in our setup can be enhanced only by a factor of
O(1) compared to the standard result. On the other hand, for smaller ǫ corresponding to a lower
inflation energy scale, a much bigger enhancement can be achieved, so that our setup can give rise
to an observably large r & 10−2 even when ǫ ≪ 10−3. The tensor perturbation sourced by the
spectator dilaton can have a strong scale dependence, and is generically red-tilted. We also discuss
a specific model to realize our scenario, and identify the parameter region giving an observably
large r for relatively low inflation energy scales.
PACS numbers: 98.80.Cq
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I. INTRODUCTION
The cosmological inflation not only solves the naturalness problems in the standard big
bang cosmology, but also provides an appealing mechanism to generate the seed of the
large scale structure and the cosmic microwave background temperature anisotropies in the
present universe [1]. During the inflationary phase, primordial gravitational waves can be
generated from the quantum fluctuation of metric. The latest joint analysis of BICEP2/Keck
Array and Planck data provides an upper limit on such tensor perturbation, implying that
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the tensor-to-scalar ratio is bounded as [2],
r ≡ PtPζ < 0.12 (95%CL) (1)
at the pivot scale k∗ = 0.05Mpc
−1. In the minimal single field inflation scenario, this can
be used to constrain the energy scale of inflation based on the standard relation between
the tensor power spectrum and the inflationary Hubble scale [3]:
Pt = 2H
2
π2M2P
. (2)
On the other hand, many of the well motivated models of particle physics involve a
light scalar field which couples to gauge fields in a way to provide an additional source of
perturbations. For instance, if the scalar field evolves appropriately during the inflationary
epoch, it can cause a tachyonic instability of gauge fields, leading to a copious production of
gauge fields. Then the produced gauge fields may result in a significant amount of additional
tensor perturbations, so modify the relation (2) [4–8]. A well studied example is an axion-like
field η which couples to gauge field as [9–17]
∆Laxion = 1
32π2
η
f
FµνF˜
µν , (3)
where Fµν = ∂µAν − ∂νAµ is the gauge field strength, F˜µν = 12ǫµνρσF ρσ is its dual, and f is
the axion decay constant. Regardless of whether it is an inflaton or just a spectator field,
a rolling axion with the coupling (3) can generate additional tensor modes which are highly
non-gaussian [18], parity-violating [19–24], and blue-tilted [25]. However, if the coupling
(3) is strong enough to enhance the tensor-to-scalar ratio significantly, it can lead a large
non-gaussianity in scalar perturbation, which is in danger to be incompatible with the recent
Planck results [26].
There is another type of well motivated light scalar field, a dilaton σ (or moduli field)
which couples to gauge fields as
∆Ldilaton = −I
2(σ)
4
FµνF
µν , (4)
where g = I−1(σ) can be identified as the field-dependent gauge coupling. As in the case
of axion, a rolling dilaton can produce gauge fields by causing a tachyonic instability. Cos-
mological implications of rolling dilaton with the coupling (4) have been studied extensively
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in the context of inflationary magnetogenesis [27–30]. As the produced gauge fields are
stretched out the horizon during inflation, it may provide the origin of large scale magnetic
fields in the present universe. However this mechanism of magnetogenesis is constrained
in several ways. Requiring that the electromagnetic energy density should not exceed the
inflaton energy density, either the amplitude of the produced magnetic field should be too
small to explain the large scale magnetic field in the present universe [31–34], or the gauge
coupling g = I−1 should run from an extremely large value to O(1) [32]. In addition, the pro-
duced electromagnetic field contributes to the primordial density perturbations, providing a
variety of additional constraints on this mechanism of magnetogenesis [35–51].
In this paper, we study systematically the scalar and tensor perturbations sourced by
a rolling spectator dilaton which couples to gauge field kinetic terms as (4), while taking
into account the known observational constraints. Our prime concern is the possibility to
enhance the tensor-to-scalar ratio r relative to the standard result r = 16ǫ of the single field
inflation scenario, where ǫ is the inflaton slow roll parameter. To this end, we allow the
spectator dilaton to be stabilized before the end of inflation, but after the CMB scales exit
the horizon. As we will see, this makes it possible that r is large enough to be observable in
the near future, e.g. r & 10−2, even when the inflation energy scale is relatively low to give
ǫ≪ 10−3.
Although our scheme reduces to the conventional single field inflation after the dilaton is
stabilized, the dilaton dynamics which took place before the stabilization leaves an imprint
on the primordial power spectrum that exit the horizon while the dilaton field is rolling.
Imposing the known observational constraints on the scalar perturbation sourced by rolling
dilaton, we find that for the inflaton slow roll parameter ǫ & 10−3, the tensor-to-scalar ratio
r can be modified only by a factor of O(1) compared to the standard result. However,
for smaller ǫ, which corresponds to a lower inflation energy scale, r can be enhanced by a
much larger factor. Specifically, the tensor perturbation sourced by rolling dilaton can be
large enough to give r & 10−2, while satisfying the observational constraints, even when the
inflaton slow roll parameter ǫ≪ 10−3. We also find that the tensor power spectrum in this
case can have a strong scale dependence, which is generically red-tilted.
Compared to the axion case, our dilaton scenario has several distinctive features. For
instance, both polarizations of tensor mode are equally produced in the dilaton case, while
only a certain polarization state is produced in the axion case. Another difference is in
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the scale dependence. In case that the axion or dilaton coupling to gauge fields is strong
enough to generate a large tensor perturbation, the energy density of dilaton-induced gauge
fields continues to be growing over the superhorizon regime, while the energy density of
axion-induced gauge fields is diluted soon after the horizon crossing. As a result, for the
dilaton case the perturbations are produced dominantly in the superhorizon regime, while for
the axion case the production of perturbations is active only around the horizon crossing.
This results in a strongly red-tilted tensor spectral index for the dilaton case, which is
not suppressed by slow roll parameters. On the other hand, for the axion case the tensor
spectral index is suppressed by slow roll parameters, although it can be numerically sizable
and blue-tilted [25].
This paper is organized as follows. We describe our setup in Section II, and compute the
resulting scalar and tensor perturbations in Section III and IV, respectively. In Section V,
we discuss the implications of our result and present a specific model with interesting ob-
servational consequences. Section VI is the conclusion.
II. SETUP
We consider an inflationary cosmology described by
S =
∫
d4x
√−g
[
M2P
2
R + Linf(φ)− 1
2
∂µσ∂
µσ − V (σ)− I
2(σ)
4
FµνF
µν
]
, (5)
where MP ≃ 2.4 × 1018 GeV is the reduced Planck mass, Linf(φ) is the lagrangian density
of the inflaton field φ, and Fµν is the field strength of U(1) gauge field which couples to
the dilaton field σ. For simplicity, here we assume that there is no direct coupling of the
inflaton to the dilaton and gauge fields. We assume also that the inflaton field φ satisfies the
conventional slow-roll conditions, and the total energy density is dominated by the inflaton
energy density over the whole period of inflation. We will use the spacially flat gauge, for
which the metric perturbations are parametrized as
ds2 = a2(τ)
[−(1 + 2Φ)dτ 2 + 2∂iBdτdxi + (δij + hij)dxidxj] , (6)
where the conformal time coordinate τ is defined as dτ = dt/a(t) for the Robertson-Walker
time coordinate t, and hij satisfies the traceless/transverse condition, hii = ∂ihij = 0. The
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inflaton, dilaton, and gauge field are expanded also around a homogeneous background as
φ(τ,x) = φ0(τ) + δφ(τ,x),
σ(τ,x) = σ0(τ) + δσ(τ,x),
Aµ(τ,x) = δAµ(τ,x). (7)
A. Gauge field production by a rolling dilaton
As is well known, a rolling dilaton field during inflation can develop a tachyonic instability
of gauge field, leading to a copious production of gauge fields in the superhorizon regime.
Choosing the gauge condition ∇ · ~A = 0 and A0 = 0, the equation of motion of gauge field
is given by (
∂2τ + 2
∂τI
I
∂τ −∇2
)
Ai(τ,x) = 0. (8)
After the Fourier expansion
Ai(τ,x) =
∫
d3k
(2π)3/2
Aˆi(τ,k)e
ik·x,
Aˆi(τ,k) =
∑
λ=±
ǫi,λ(kˆ)[Aλ(τ, k)ak,λ + A
∗
λ(τ, k)a
†
−k,λ],
it is convenient to redefine the gauge field mode function as
Vλ ≡ I(σ0)Aλ, (9)
where I(σ0) depends only on the background dilaton field σ0(τ), not on the dilaton fluctu-
ation. Then the equation of motion of the canonically normalized mode function is given
by
∂2τVλ(τ, k) +
(
k2 − ∂
2
τ I
I
)
Vλ(τ, k) = 0. (10)
Note that both helicity states evolve in the same way, so we can drop the helicity index from
now. This is different from the axion case where different helicity state experiences different
evolution, which results in parity violating phenomena.
The details of gauge field production by rolling dilaton depends on the functional form
of the dilaton coupling I(σ). For canonically normalized dilaton field, a particularly well
motivated form of the dilaton coupling is
I(σ) = eσ/Λ, (11)
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where Λ is a constant mass parameter. In this case, the evolution rate of the dilaton coupling
(relative to the Hubble expansion rate) is given by
n ≡ − I˙
HI
= − σ˙
HΛ
. (12)
If the spectator dilaton underwent a time evolution satisfying
|σ¨| ≪ H|σ˙|, (13)
where the dot denotes the derivative with respect to the Robertson-Walker time coordinate
t, one finds ∣∣∣∣ n˙Hn
∣∣∣∣ =
∣∣∣∣∣ H˙H2 − σ¨Hσ˙
∣∣∣∣∣ ≪ 1. (14)
This suggests that the evolution rate n can be approximated as a constant over a certain
duration of the dilaton rolling.
To examine the possibility to enhance the tensor-to-scalar ratio r, in this paper we
consider a scenario that the spectator dilaton rolls over a period of the e-folding num-
ber ∆N = O(10), under the assumption that both the inflaton and the dilaton began to
roll at a similar time. Then, as long as |σ¨|/H|σ˙| . few × 10−2, the evolution rate n can be
approximated as a constant over the entire period of the dilaton rolling. Note that in our
scenario, the dilaton field is stabilized before the end of inflation, and therefore ∆N can be
significantly smaller than the total e-folding number NT & 50− 60 of inflation. For simplic-
ity, we assume that the transition from the rolling dilaton phase to the stabilized dilaton
phase takes place within a short time interval ∆t ≪ 1/H . Then the dilaton-dependent
gauge coupling evolves as
I(τ) ≡ I(σ0(τ)) ∝ a(τ)−n, (15)
where n is a nonzero constant during the rolling phase, but n = 0 right after the dilaton is
stabilized. This might be a rather crude approximation for the real dilaton dynamics, but
is sufficient for our purpose to explore the possibility to enhance r. The reason to consider
a dilaton field stabilized before the end of inflation is that it allows r to be enhanced by a
large factor while satisfying the observational constraints. If the dilaton field rolls until the
end of inflation, whenever r is significantly affected, scalar perturbation is dominated by the
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contribution from the rolling dilaton, which would lead to a too large deviation of the scalar
spectral index from the observed value, or a too large non-gaussianity.
The evolution rate n in (12) can be either positive or negative. Note that changing the
sign of n amounts to g → g−1 for the gauge coupling g. For a positive n, the field-dependent
gauge coupling g = I−1 runs from the weak coupling regime to the strong coupling regime.
For simplicity, we will focus on the case of positive n with g . 1, where the production of
electric fields dominates over the production of magnetic fields. This choice of n opens a
possibility that the U(1) gauge field in our setup can be identified as one of the standard
model gauge fields if I(σ) = O(1) after the dilaton is stabilized.
For the dilaton coupling (15), the equation of motion of the gauge field mode takes the
form
∂2τV +
[
k2 − n(n− 1)
τ 2
]
V = 0. (16)
Imposing the Bunch-Davies initial condition,
lim
kτ→−∞
V (τ, k) =
e−ikτ√
2k
,
the solution is given by
V (τ, k) =
1√
2k
√
−kτπ
2
H
(1)
n−1/2(−kτ), (17)
where H
(1)
ν is the Hankel function of the first kind. Using the asymptotic form of the Hankel
function:
H(1)ν (z) ≃ −
iΓ(ν)
π
(
2
z
)ν
+
1
Γ(ν + 1)
(z
2
)ν
− iΓ(−ν)
π
cos νπ
(z
2
)ν
for z ≪ 1, (18)
we find that the gauge field mode in the superhorizon regime with |kτ | ≪ 1 is given by
V (τ, k) ≃ − i√
2k
Γ(n− 1/2)√
π
(
2
−kτ
)n−1
, (19)
where the blow up of the amplitude in the superhorizon limit |kτ | → 0 (for n > 1) is due to
the tachyonic instability of gauge field caused by the rolling dilaton.
For subsequent discussion, it is convenient to define the electric and magnetic fields as
Ei(τ,x) = − I
a2
∂τAi(τ,x), Bi(τ,x) =
I
a2
(∇× ~A)i, (20)
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for which the energy density of the U(1) gauge field is given by
ρU(1) ≡ TU(1)tt =
1
2
(| ~E|2 + | ~B|2). (21)
One can now make the Fourier expansion:
Ei(τ,x) =
∫
d3k
(2π)3/2
Êi(τ,k)e
ik·x,
Êi(τ,k) =
∑
λ
ǫi,λ(kˆ)
[
E(τ, k)ak,λ + E∗(τ, k)a†−k,λ
]
,
Bi(τ,x) =
∫
d3k
(2π)3/2
B̂i(τ,k)e
ik·x,
B̂i(τ,k) =
∑
λ
λǫi,λ(kˆ)
[
B(τ, k)ak,λ + B∗(τ, k)a†−k,λ
]
,
where the corresponding electric and magnetic mode functions are given by
E(τ, k) = − 1
a2
√
k
2
√
−kτπ
2
H
(1)
n+1/2(−kτ)
≃ iΓ(n + 1/2)√
π
√
k
2
(Hτ)2
(
2
−kτ
)n
for |kτ | ≪ 1, (22)
B(τ, k) = 1
a2
√
k
2
√
−kτπ
2
H
(1)
n−1/2(−kτ)
≃ −iΓ(n− 1/2)√
π
√
k
2
(Hτ)2
(
2
−kτ
)n−1
for |kτ | ≪ 1. (23)
Note that the last approximation for E and B are valid only for n ≥ 1
2
. Otherwise the latter
two terms in (18) become important. Note also that the electric field always dominates over
the magnetic field in the superhorizon regime with |kτ | ≪ 1. For a given mode, the electric
field on superhorizon scale decreases (n < 2), remains constant (n = 2), and grows (n > 2).
As we will see in the subsequent two sections, the gauge fields produced by rolling dilaton
can significantly affect the scalar and tensor perturbations when n > 2.
III. SCALAR PERTURBATION
In the spacially flat gauge, the curvature perturbation R is given by
R = −H δq
ρ+ p
, (24)
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where δq is the scalar 3-momentum potential defined as ∂iδq = δT
t
i for the energy momentum
tensor perturbation δT µν . In the multi-fluid case, it can be decomposed as
R =
∑
α
(ρ+ p)α
(ρ+ p)
Rα for Rα ≡ −H δqα
(ρ+ p)α
, (25)
where α denotes the fluid species. In our scenario, the dilaton and gauge field fluctuations
could constitute an important part of the total curvature perturbation during the rolling
phase of dilaton. However, after the dilaton is stabilized, the dilaton perturbation becomes
a massive field, and gauge fields are no longer produced. Then the dilaton and gauge field
contributions to δq are quickly diluted away as δqσ ∝ a−3 and δqAµ ∝ a−4. If the universe
has experienced a sufficient inflationary expansion after the dilaton is stabilized, which is the
case of our prime interest, the curvature perturbation at the end of inflation is determined
simply by the inflaton perturbation as
R ≃ Rφ = Hδφ
φ˙
. (26)
In fact, if the dilaton keeps rolling until the end of inflation, whenever tensor perturbation
is significantly affected, scalar perturbation is dominated by the contribution sourced by
rolling dilaton. Such scenario then yields a too large spectral index and non-gaussianity
to be compatible with the observational constraints [36]. In the following, we compute the
inflaton perturbation at the end of inflation, including the effect of pre-evolution during the
period before the dilaton stabilization.
A. Evolution of the inflaton and dilaton perturbations
The equations of motion for the background inflaton and dilaton fields are given by
φ′′0 + 2Hφ′0 + a2∂φV (φ0) = 0,
σ′′0 + 2Hσ′0 + a2∂σV (σ0) = a2
∂σI
I
〈| ~E|2 − | ~B|2〉, (27)
where the prime denotes the derivative with respect to the conformal time coordinate τ , and
H ≡ a′/a. Assuming a slow-roll motion of the background fields, and also neglecting the
back-reaction effects, we obtain the equations of motion of perturbations as
δφ′′ + 2Hδφ′ + k2δφ+ a2
(
∂2φV − 3
φ˙20
M2P
)
δφ− 3a2 σ˙0φ˙0
M2P
δσ = S1(τ,k), (28)
δσ′′ + 2Hδσ′ + k2δσ + a2
(
∂2σV − 3
σ˙20
M2P
)
δσ − 3a2 σ˙0φ˙0
M2P
δφ = S2(τ,k) + S3(τ,k), (29)
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where the source terms Si (i = 1, 2, 3) in the momentum space are given by
S1(τ,k) =
a2φ˙0
2M2PH
∫
d3p
(2π)3/2
(k − p)ipj
k2
[
Êi(τ,p)Êj(τ,k− p) + B̂i(τ,p)B̂j(τ,k− p)
]
,
S2(τ,k) = a
2∂σI
I
∫
d3p
(2π)3/2
[
Êi(τ,p)Êi(τ,k− p) + B̂i(τ,p)B̂i(τ,k− p)
]
,
S3(τ,k) =
a2σ˙0
2M2PH
∫
d3p
(2π)3/2
(k − p)ipj
k2
,
[
Êi(τ,p)Êj(τ,k− p) + B̂i(τ,p)B̂j(τ,k− p)
]
.
See Appdenix. A for the derivation of the above equations of motion. The source terms
S1(τ,k) and S3(τ,k) are due to the gravitational interaction between the inflaton/dilaton
fluctuation and the gauge fields produced by the rolling background dilaton, while S2(τ,k)
originates from the direct coupling between the dilaton and gauge fields. As can be seen
from (28) and (29), even though there is no direct coupling between the inflaton and dilaton,
their perturbations can be mixed with each other by gravitational interaction. As a result,
the inflaton perturbation can be significantly affected by the dilaton perturbation sourced
by S2 and S3. As we will see later, the inflaton perturbation sourced by gauge fields comes
dominantly from the source term S2(τ,k).
Let us divide the inflaton perturbation δφ into four pieces,
δφ = δφ(v) + δφ(S1) + δφ(S2) + δφ(S3), (30)
where δφ(v) represents the piece from vacuum fluctuation, while δφ(Si) (i = 1, 2, 3) represent
the parts induced by the source terms Si. To obtain the solution, it is convenient to rotate
the field basis into the propagation eigenbasis. For this, we rewrite (28) and (29) as [15, 52]∂2τ + (k2 − 2τ 2 ) + 1τ 2
 ∆φ ∆
∆ ∆σ
 aδφ
aδσ
 = a(τ)
 S1
S2 + S3
 , (31)
where
∆α =
∂2αV − 3α˙20/M2P
H2
− 3ǫ ≃ 3(ηα − 2ǫα)− 3ǫ (α = φ, σ),
∆ = − 3φ˙0σ˙0
M2PH
2
≃ −6√ǫφǫσ
(32)
for the slow roll parameters
ǫα ≡ M
2
P
2
(
∂αV
V
)2
, ηα ≡M2P
(
∂2αV
V
)
, ǫ ≡ − H˙
H2
. (33)
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In our setup, these slow roll parameters are small and can be approximated as constant over
the time scale of our interest. Then the propagation eigenstates (v1, v2) defined as aδφ
aδσ
 =
 cos θ sin θ
− sin θ cos θ
 v1
v2
 , (34)
obey∂2τ + (k2 − 2τ 2 ) + 1τ 2
 ∆+ 0
0 ∆−
 v1
v2
 = a(τ)
 S1 cos θ − (S2 + S3) sin θ
(S2 + S3) cos θ + S1 sin θ
 , (35)
where the rotation angle θ is determined as
sin 2θ = − 2∆
∆+ −∆− , cos 2θ =
∆φ −∆σ
∆+ −∆− , (36)
with
∆± =
1
2
(∆φ +∆σ)± 1
2
√
(∆φ −∆σ)2 + 4∆2. (37)
One can now split the propagation eigenstates into two pieces:
v1 = v
(v)
1 + v
(s)
1 , v2 = v
(v)
2 + v
(s)
2 , (38)
where v
(v)
i (i = 1, 2) denote the piece from vacuum fluctuation, while v
(s)
i are the piece
sourced by gauge fields. Here we are interested in the sourced part which is given by
v
(s)
1 (τ,k) = cos θ
∫ τ
dτ ′a(τ ′)Gk(τ, τ
′; ∆+)S1 − sin θ
∫ τ
dτ ′ a(τ ′)Gk(τ, τ
′; ∆+)(S2 + S3),
v
(s)
2 (τ,k) = cos θ
∫ τ
dτ ′ a(τ ′)Gk(τ, τ
′; ∆−)(S2 + S3) + sin θ
∫ τ
dτ ′ a(τ ′)Gk(τ, τ
′; ∆−)S1,
where the Green function Gk obeys[
∂2τ +
(
k2 − 2−∆±
τ 2
)]
Gk(τ, τ
′; ∆±) = δ(τ − τ ′). (39)
See Appendix. B for the properties of this Green function up to first order in slow-roll
parameters.
After the dilaton field is stabilized, but before the inflation is over, the dilaton fluctuation
δσ and the source terms Si are rapidly diluted away, while leaving the inflaton perturbation
frozen to be constant in the superhorizon regime. The inflaton perturbation sourced by
gauge fields is determined to be
a(τ)δφ(s)(τ,k) = v
(s)
1 cos θ + v
(s)
2 sin θ = aδφ
(S1) + aδφ(S2) + aδφ(S3), (40)
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〈δφ(S1)δφ(S1)〉 〈δφ(S2)δφ(S2)〉 〈δφ(S3)δφ(S3)〉
FIG. 1: Diagrams of the two-point correlation function of the inflaton perturbation sourced by
gauge fields. The solid, dashed, and wavy lines represent the inflaton perturbation δφ, the dilaton
perturbation δσ, and the gauge field, respectively. The first, second, and third diagrams denote the
correlation function sourced by S1, S2, and S3, respectively. The × mark denotes the gravitational
coupling αG ∼ 1/M2P accompanying small slow-roll parameter.
where
a(τ)δφ(S1) ≃
∫ τ
dτ ′a(τ ′)Gk(τ, τ
′; 0)S1(τ
′,k),
a(τ)δφ(S2) ≃ sin 2θ
2
∫ τ
dτ ′ a(τ ′)[Gk(τ, τ
′; ∆−)−Gk(τ, τ ′; ∆+)]S2(τ ′,k),
a(τ)δφ(S3) ≃ sin 2θ
2
∫ τ
dτ ′ a(τ ′)[Gk(τ, τ
′; ∆−)−Gk(τ, τ ′; ∆+)]S3(τ ′,k). (41)
In fact, the three source terms are not equally important. We can estimate their relative
importance by tracking their dependence on the gravitational coupling αG ∼ M−2P , as well
as investigating the coupling structure of the inflaton and dilaton perturbations. (See Fig.
1 for instance.) It is then straightforward to find
δφ(S1)
H
∼ 1
H3
(
φ˙0
2M2PH
)∫
d3p
(ki − pi)pj
k2
Êi(τ,p)Êj(τ,k− p), (42)
δφ(S2)
H
∼ 1
H3
(
φ˙0
2M2PH
)(
I˙
HI
)∫
d3pÊi(τ,p)Êi(τ,k− p), (43)
δφ(S3)
H
∼ 1
H3
(
φ˙0
2M2PH
)(
σ˙20
M2PH
2
)∫
d3p
(ki − pi)pj
k2
Êi(τ,p)Êj(τ,k− p). (44)
Note that we are considering the inflaton perturbation after the dilaton is stabilized. How-
ever σ˙0 and I˙/I in the coefficients of the above estimates correspond to the values while the
dilaton is rolling, which were approximated as nonzero constants.
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Obviously δφ(S3) is subdominant compared to δφ(S1) as it is further suppressed by the slow
roll parameter |σ˙0|/MPH ≪ 1. On the other hand, as we will see, we need n = |I˙/(HI)| > 2
to enhance the tensor-to-scalar ratio through a rolling dilaton, so the factor I˙/(HI) in (43)
does not cause an additional suppression of δφ(S2). In fact, from the asymtotic behavior
(22) of the electric mode function, one can easily recognize that the momentum integral
of (42)–(43) for |kτ | ≪ 1 receives the main contribution from the region near |p| = 0 or
|k− p| = 0. We then have schematically
δφ(S1)(τ,k)
δφ(S2)(τ,k)
∼
∫
dq
[
q |kˆ− q|
](3/2−n)
∫
dq
[
q |kˆ− q|
](1/2−n) , (45)
where q = p/k is the dimensionless normalized wave vector. This implies that the inflaton
perturbation sourced by gauge fields is dominated by δφ(S2) for the case with n > 2, where
the rolling dilaton can enhance the tensor-to-scalar ratio significantly. We will therefore
consider only δφ(S2) in the following discussion of scalar perturbation sourced by gauge
fields.
B. Scalar power spectrum
The power spectrum of the inflaton perturbation is defined as
〈δφ(k) δφ(k′)〉 = 2π
2
k3
Pδφ(k) δ(3)(k + k′). (46)
In our case, the inflaton perturbation consists of the contribution from vacuum fluctuation
and the piece sourced by gauge fields during the phase of rolling dilaton. Since the sourced
part is dominated by δφ(S2), we have
δφ ≃ δφ(v) + δφ(S2). (47)
As δφ(v) and δφ(S2) are uncorrelated, the power spectrum of the curvature perturbation after
the dilaton is stabilized is given by
PR(k) = P(v)R (k) + P(s)R (k), (48)
where P(v)R (k) is the nearly scale invariant power spectrum originating from the vacuum
fluctuation of the inflaton field:
P(v)R (k) =
(
H
φ˙
)2(
H
2π
)2
≃ H
2
8π2ǫφM2P
, (49)
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and P(s)R (k) is the sourced power spectrum:
P(s)R (k) ≃
(
H
φ˙
)2
P(S2)δφ (k). (50)
Let us now evaluate the sourced power spectrum. Using the solution of δφ(S2) in (41), we
find
〈δφ(S2)(τ,k) δφ(S2)(τ,k′)〉 = sin
2 2θ
4a2
∫ τ
dτ1 a(τ1)[Gk(τ, τ1; ∆−)−Gk(τ, τ1; ∆+)]
×
∫ τ
dτ2 a(τ2)[Gk′(τ, τ2; ∆−)−Gk′(τ, τ2; ∆+)]〈S2(τ1,k)S2(τ2,k′)〉. (51)
Ignoring the subdominant magnetic field, we find also
〈S2(τ1,k)S2(τ2,k′)〉 ≃ 2a(τ1)2a(τ2)2
(
I,σ
I
)2
δ(3)(k+ k′)
×
∫
d3p
(2π)3
[
1 +
(
pˆ · k̂− p
)2]
E(τ1, p)E(τ1, |k− p|)E∗(τ2, p)E∗(τ2, |k− p|),
(52)
where E(τ, k) is the electric mode function given in (22). Then the power spectrum of the
sourced curvature perturbation is obtained to be
P(s)R (k) ≃
24n−2n2
9π4
Γ4(n+ 1/2)
(
H
MP
)4{∫
d3q
(2π)3
[
1 + (qˆ · qˆ′)2
]
q−2n+1q′−2n+1
×
∣∣∣∣∫ zℓ
z
dz′z′−2n+3
[(
2
3
− ln z
′
z
)
+
z3
z′3
(
ln
z
z′
− 2
3
)]∣∣∣∣2
}
, (53)
where q ≡ p/k and q′ ≡ (k − p)/k are the normalized wave vectors, and z = −kτ . Here
the integration over z′ is performed from z to zℓ, where
zℓ =
1
max(q, q′)
(54)
corresponds to the time when both E(τ,p) and E(τ,k− p) become a superhorizon mode.
Regarding to the integration over q, we note that the electric field stays constant (n = 2),
or grows (n > 2) in the superhorizon limit |kτ | → 0. As a result, the integration suffers from
an infrared divergence when the internal momentum approaches to the poles at qq′ = 0. On
the other hand, only the scales that exit the horizon after the beginning of inflation are
relevant for us. Then a physical infrared cutoff at qin = pin/k can be applied to regulate the
integral over q, where pin corresponds to the scale that leaves the horizon at the beginning
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of inflation [42]. Around the region where q ≃ qin or q′ ≃ qin, zℓ can be set as zℓ = 1/q′ ≃ 1
or zℓ = 1/q ≃ 1. In the following, we will focus on the case with
n− 2 > O(0.1), (55)
in which the dilaton-induced gauge fields can significantly affect the primordial perturba-
tions. We then find
P(s)R (k) ≃
24nn2
27π6
Γ4(n + 1/2)
(
H
MP
)4
q−2n+4in
2n− 4
∣∣∣∣ 9z−2n+44(2n− 1)2(n− 2)2
∣∣∣∣2 . (56)
Note that this power spectrum has an explicit scale dependence. This is because the inflaton
perturbation gets affected by the growing electric modes even after it exits the horizon.
If this mechanism continues until the end of inflation, the dilaton and gauge field fluctu-
ations eventually lead to a too large deviation of the scalar spectral index from the observed
value, and/or a too large non-gaussainity in the curvature perturbation. To avoid it, we
assume that the dilaton rolling is terminated at some time τD due to the stabilization which
is accomplished within a short time interval ∆t ≪ H−1. We then apply the instantaneous
stabilization approximation in which the inflaton perturbation δφ at τD is matched to the
frozen solution in the absence of source terms. In this approach, the normalized conformal
time z = −kτ in (56) can be replaced by
zD ≡ −kτD = e−Nk+ND , (57)
where Nk denote the number of e-foldings from the horizon exit (τk = −1/k) to the end of
inflation, while ND is the number of e-foldings from the dilaton stabilization. By definition,
pin corresponds to the scale that leaves the horizon at the beginning of inflation, so
qin = pin/k = e
−NT+Nk , (58)
where NT is the total number of e-foldings over the inflation epoch. See figure. 2 for the
e-folding numbers relevant for our setup. Putting (57) and (58) together, the sourced power
spectrum (56) can be expressed in terms of the e-folding numbers as
P(s)R (k) ≃
24nn2
27π6
Γ4(n + 1/2)
(
H
MP
)4
e(2n−4)(NT−Nk)
(2n− 4)
∣∣∣∣ 9e(2n−4)(Nk−ND)4(2n− 1)2(n− 2)2
∣∣∣∣2 (59)
for (n− 2) > O(0.1).
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FIG. 2: Relevant e-folding numbers in our scenario involving the beginning of inflation which is
assumed to take place at a similar time as the beginning of dilaton rolling, horizon exit of the CMB
scales, stabilization of the dilaton, and the end of inflation.
As the sourced power spectrum has an explicit scale dependence, it should be tightly
constrained by observations which indicate that the curvature perturbation is nearly scale
invariant. Using the above results, we find the spectral index for the total curvature power
spectrum1 is given by
ns − 1 ≃ (ns − 1)(v) − 2
(
P(s)R /P(v)R
1 + P(s)R /P(v)R
)[
(n− 2) + ηφ − ǫ
]
, (60)
where (ns − 1)(v) = 2ηφ − 6ǫ is the spectral index for the scalar perturbation generated by
vacuum fluctuation. According to the recent Planck observation [53],
ns = 0.9655± 0.0062,
at 68% confidence level. Assuming that n
(v)
s is not too far away from this observed value,
e.g. (ns − n(v)s ) . 5× 10−2, the sourced scalar power spectrum is constrained as
P(s)R /P(v)R .
5× 10−2
2(n− 2) (61)
for (n− 2) > O(0.1). In the following, we will use this as an observational constraint on the
scalar power spectrum sourced by rolling dilaton.
In addition to explicit scale dependence, our setup can give rise to an anisotropic signal
in the scalar power spectrum [47]. Although we do not assume any pre-existing background
1 There is also a model dependent contribution to ns from the k-dependence of the dilaton coupling evolution
rate n. For the model considered in section V, we find d lnn/d ln k ∼ ǫ, which is negligible compared to
the contribution from the k-dependence of Nk.
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gauge field, the dilaton-induced gauge field modes stretched far beyond the scale of observ-
able universe can be considered as a background field having a preferred direction. Such
large scale vector field may lead to an anisotropic signal in the scalar power spectrum as
PR(k) = P(v)R (k)
(
1 + g∗ cos
2 θ
)
, (62)
where g∗ is constrained by the recent Planck data [53],
g∗ ≃ (0.23+1.70−1.24)× 10−2
at the 68% confidence level. See also [54–57] for the discussion of statistical anisotropy in
the presence of initial background gauge field. In our scenario, g∗ ∼ P(s)R /P(v)R up to O(1)
numerical factor. If we require the amplitude of sourced scalar power spectrum as
P(s)R /P(v)R . 0.04, (63)
then this bound covers both the constraint from the observed spectral index and the con-
straint from the anisotropic signal at 2σ level.
C. Scalar bispectrum
We have seen that an additional scalar perturbation is generated by rolling dilaton field.
It has been noticed that the curvature perturbation due to the fluctuation of unstabilized
dilaton has a non-gaussian distribution with a nearly local shape [39, 42]. Even after the
dilaton field is stabilized, the inflaton perturbation which was originated from the source
terms Si may still include a non-gaussian piece.
As the inflaton perturbation δφ(v) from vacuum fluctuation is nearly gaussian, the leading
scalar bispectrum comes from the sourced perturbation δφ(S2), i.e.
〈δφ(τ,k1)δφ(τ,k2)δφ(τ,k3)〉
≃
(
sin 2θ
2a
)3 ∫ 3∏
l=1
dτla(τl) [Gkl(τ, τl; ∆−)−Gkl(τ, τl; ∆+)] 〈S2(τ1,k1)S2(τ2,k2)S2(τ3,k3)〉.
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Using the gauge mode function (22) and the Green function (B2), we find
〈δφ(τ,k1)δφ(τ,k2)δφ(τ,k3)〉
=
(
−2
2nnφ˙
3π
Γ2(n + 1/2)
H
M2P
)3{∫ 3∏
l=1
d3pl
(2π)3/2
p−2n+1l
×
∫ 3∏
l=1
dτlτ
−2n+3
l
[(
2
3
− ln τl
τ
)
+
τ 3
τ 3l
(
ln
τ
τl
− 2
3
)]
× δ(3)(p1 + k2 − p2)δ(3)(p2 + k3 − p3)δ(3)(p3 + k1 − p1)
× [(pˆ1 · pˆ2)2 + (pˆ2 · pˆ3)2 + (pˆ3 · pˆ1)2 − (pˆ1 · pˆ2)(pˆ2 · pˆ3)(pˆ3 · pˆ1)]} , (64)
where the contribution from the magnetic mode is ignored as it is subdominant for positive n.
As in the case of power spectrum, we can introduce the infrared cutoff pin for the momentum
integral, being the scale leaving the horizon at the beginning of inflation. Then the 3-point
function of the curvature perturbation is obtained to be
〈Rφ(τ,k1)Rφ(τ,k2)Rφ(τ,k3)〉
≃ 1
(2π)9/2
[
−3 · 2
2n−2Γ2(n+ 1/2)
π
n z−2n+4
(2n− 1)2(n− 2)2
]3
× q
−2n+4
in
2n− 4
(
H
MP
)6
δ(3)(k1 + k2 + k3)
× 8π
3
[
1 + (kˆ1 · kˆ2)2
k31k
3
2
+
1 + (kˆ2 · kˆ3)2
k32k
3
3
+
1 + (kˆ3 · kˆ1)2
k33k
3
1
]
, (65)
which has a nearly local shape [42]. The corresponding non-linearity parameter fNL is given
by
fNL ≃ −20
27
ǫ3φP(v)R (k)
[
e(2n−4)(NT−Nk)
2n− 4
] [
3 · 22nΓ2(n+ 1/2)
π
n e(2n−4)(Nk−ND)
(2n− 1)2(n− 2)2
]3
(66)
for (n − 2) > O(0.1), where we expressed z = zD and qin in (65) in terms of the e-folding
numbers as in the case of the scalar power spectrum. The recent Planck data provides a
strong bound on the non-gaussianity [53], implying
|fNL| . 10, (67)
which should be applied to the above non-gaussianity due to the scalar perturbation sourced
by rolling dilaton.
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IV. TENSOR PERTURBATION
A. Tensor power spectrum
Gravitational wave corresponds to the traceless-transverse component of the metric per-
turbation, and obeys the equation of motion
h′′ij + 2Hh′ij + k2hij =
2
M2P
T
(TT )
ij , (68)
where T
(TT )
ij denotes the traceless-transverse component of the energy momentum tensor.
After the Fourier expansion
hij(τ,x) =
∫
d3k
(2π)3/2
∑
λ
Πij,λ(kˆ)hˆλ(τ,k)e
ik·x, (69)
hˆλ(τ,k) = hλ(τ, k)ak,λ + h
∗
λ(τ, k)a
†
−k,λ, (70)
where Πij,λ(kˆ) = ǫi,λ(kˆ)ǫj,λ(kˆ) is the traceless-transverse polarization tensor, we find the
equation of motion for the normalized tensor mode Qλ ≡ MP2 ahλ is given by
Q′′λ +
(
k2 − a
′′
a
)
Qλ = Sλ(τ,k), (71)
where
Sλ(τ,k) =
a
MP
∫
d3x
(2π)3/2
e−ik·xΠ∗ij,λ(kˆ) T
(TT )
ij . (72)
As usual, the solution of (71) is given by the sum of the homogeneous solution (vacuum
part) and a particular solution for the source Sλ. In our setup, the gauge fields produced by
rolling dilaton contribute to the energy momentum tensor as
T
U(1)
ij = a
2[ρU(1)δij − (EiEj +BiBj)], (73)
where ρU(1) is given in (21). Plugging this energy momentum tensor into (72), we find
Sλ(τ,k) = − a
3
MP
Π∗ij,λ(kˆ)
∫
d3p
(2π)3/2
(
Eˆi(τ,p)Eˆj(τ,k− p) + Bˆi(τ,p)Bˆj(τ,k− p)
)
. (74)
Similar to the scalar power spectrum (46), the tensor power spectrum Pλ(k) is defined as
〈hλ(k)hλ(k′)〉 = 2π
2
k3
Pλ(k)δ(3)(k + k′), (75)
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where hλ(k) consists of two pieces, the vacuum fluctuation h
(v)
λ (k) and the additional fluctu-
ation h
(s)
λ (k) sourced by gauge fields. Since these two pieces are uncorrelated to each other,
the tensor power spectrum is simply given by
Pλ(k) = P(v)λ (k) + P(s)λ (k), (76)
where P(v)λ (k) = H2/π2M2P is the usual tensor spectrum from the vacuum fluctuation. The
sourced part can be obtained by solving (71), which yields
δ(3)(k+ k′)P(s)λ (k)
=
(
2
aMP
)2(
k3
2π2
)∫
dτ1Gk(τ, τ1)
∫
dτ2Gk′(τ, τ2)〈Sλ(τ1,k)Sλ(τ2,k′)〉,
where
Gk(τ, τ
′) ≡ Gk(τ, τ ′; 0) ≃ 1
k3ττ ′
[
kτ ′ cos kτ ′ − sin kτ ′
]
for − kτ ≪ 1.
Repeating the same procedure as we did to get the scalar power spectrum, we find the
following general formula for the sourced tensor power spectrum:
P(s)λ (k) ≃
k3
a2π2
1
M4P
∫
d3p
(2π)3
[
1 + (kˆ · pˆ)2
] [
1 + (kˆ · k̂− p)2
]
×
∣∣∣∣∫ τ dτ ′a3(τ ′)Gk(τ, τ ′)E(τ ′, p)E(τ ′, |k− p|)∣∣∣∣2 , (77)
where the subdominant contribution from the magnetic modes is ignored. Using the solution
(22), and also introducing the infrared cutoff pin (see (58)) for the momentum integration,
the sourced tensor power spectrum is obtained to be
P(s)t =
∑
λ
P(s)λ
≃ 2
4n+1Γ4(n+ 1/2)
27π6
(
H
MP
)4 [
e(2n−4)(NT−Nk)
2n− 4
] [
e(2n−4)(Nk−ND)
2n− 4
]2
(78)
for (n− 2)≫ O(ǫ). Then the spectral index of Pt = P(v)t + P(s)t is given by
nt ≃ n(v)t − 2
(
P(s)t /P(v)t
1 + P(s)t /P(v)t
)[
(n− 2) + ǫ
]
, (79)
where n
(v)
t = −2ǫ is the spectral index for the tensor power spectrum of the vacuum fluc-
tuation. If the sourced tensor power spectrum dominates over the vacuum contribution,
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i.e. P(s)t /P(v)t & 1, which is the case of our prime interest, the tensor spectral index is
approximately given by
nt ≃ −2(n− 2), (80)
and therefore the tensor spectrum in our setup can be a lot more red-tilted compared to the
standard result n
(v)
t = −2ǫ.
There also exists non-vanishing cross correlation between curvature and tensor perturba-
tion induced by the dilaton-induced gauge fields. In our setup, such correlation is estimated
as
〈hR〉 ∼ √rg∗〈RR〉 (81)
so is bounded by the anisotropy factor, g∗ . O(10−2), as well as by tensor-to-scalar ratio,
r . 0.1. This cross correlation does not affect the temperature power spectrum [59–61].
Instead, with the anisotropic part of scalar power spectrum, they contribute to quadrupole
anisotropy in the temperature, which is the correlation between ℓ and ℓ+2. At least for the
case g∗ ∼ O(0.01) and r . O(0.01), the contribution from scalar-tensor correlation would
be smaller than the contribution from anisotropic part of curvature power spectrum. In this
case, the observational constraint from quadrupole anisotropy is already taken into account
through g∗. Despite of this, it is interesting to see how the scalar-tensor correlation affects
quadrupole anisotropy in detail, and how the constraint from statistical anisotropy changes
when the scalar-tensor correlation becomes important. We leave this for future work.
B. Tensor-to-scalar ratio
In the standard single field inflation scenario, the tensor-to-scalar ratio is determined by
the inflaton slow-roll parameter ǫφ as
r(v) =
P(v)t
P(v)R
= 16ǫφ. (82)
On the other hand, in our setup the gauge fields produced by rolling dilaton contribute
to both the scalar and tensor power spectra. Our results (59) and (78), including the
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contributions from rolling dilaton, are summarized as
PR(k) ≃ P(v)R (k)
[
1 + ǫ2φ P(v)R (k)fR(n, k)
]
,
Pt(k) ≃ 16ǫφP(v)R (k)
[
1 + ǫφ P(v)R (k)ft(n, k)
]
, (83)
where
P(v)R (k) =
H2
8π2ǫφM2P
, (84)
and
fR(n, k) = Γ
4(n + 1/2)
24n+6n2
27π2
[
e(2n−4)(NT−Nk)
2n− 4
] [
9e(2n−4)(Nk−ND)
4(2n− 1)2(n− 2)2
]2
, (85)
ft(n, k) = Γ
4(n + 1/2)
24n+4
27π2
[
e(2n−4)(NT−Nk)
2n− 4
] [
e(2n−4)(Nk−ND)
2n− 4
]2
, (86)
for (n− 2) > O(0.1). The resulting tensor-to-scalar ratio is given by2
r =
Pt
PR = 16ǫφ
(
1 + ǫφ ft(n, k) P(v)R
1 + ǫ2φ fR(n, k) P(v)R
)
. (87)
In figure 3, we show the allowed value of the tensor-to-scalar ratio r, as well as the
corresponding enhancement factor r/r(v), on the plane of (NT−Nk, Nk−ND) for n = 2.3 and
the four different values of the inflaton slow roll parameter ǫφ = (3×10−3, 10−3, 10−4, 10−5).
The numerical results depicted in figure 3 and other figures in the following include the
subleading corrections which were ignored in the approximate analytic results in (59) and
(66). We recall that n ≡ −I˙/HI is the evolution rate of the dilaton-dependent gauge
coupling g(σ) = 1/I(σ), ǫφ is related to the inflationary Hubble scale as
ǫφ ≃ 0.01
(
H
1014GeV
)2
, (88)
and NT −Nk corresponds to the number of e-foldings from the beginning of inflation to the
horizon exit, while Nk −ND is the number of e-foldings from the horizon exit to the dilaton
stabilization. (See figure. 2.)
2 The tensor-to-scalar ratio was calculated also in [57] when the dilaton field couples to the gauge field.
Ref. [57] focused on observational signatures of models when n = 2 and the dilaton field continues to roll
until the end of inflation. In this case, the energy density of gauge field stays nearly constant. On the
other hand, we are discussing a different situation with n > 2, where the energy density of gauge field
continuously grows in the superhorizon limit until when the dilaton is stabilized, which is assumed to take
place before the end of inflation. This is why our result on tensor-to-scalar ratio is different from [57].
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FIG. 3: The contour plots show r (and also the corresponding r/r(v)) for n = 2.3 and ǫφ =
(3 × 10−3, 10−3, 10−4, 10−5). The blue-shaded region on the upper right corner is disfavoured
by giving a too large deviation of the scalar spectral index from the observed value, while the
orange-shaded region gives |fNL| & 10 disfavoured by the recent Planck data.
The blue-shaded part in figure 3 corresponds to the region with P(s)R /P(v)R & 0.04, which
is in conflict with the constraint (61) from the observed scalar spectral index. On the other
hand, the orange-shaded region is disfavoured as it gives |fNL| & 10 which is in conflict with
the recent Planck data [26]. Our results show that r/r(v) = O(1) for ǫφ = O(10−3). On
the other hand, for smaller ǫφ, observational constraints to prevent a large enhancement of
r are weakened, which can be noticed from the ǫφ-dependence of the sourced scalar power
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FIG. 4: The values of r as a function of n for (Nk − ND, NT − Nk) = (5, 20) and ǫφ =
(3 × 10−3, 10−3, 10−4, 10−5). Again the orange region is disfavoured by giving a too large non-
gaussianity (fNL & 10), and the blue region is disfavored by giving a too large deviation of the
scalar spectral index from the observed value.
spectrum in (87). As a consequence, for ǫφ ≪ 10−3, r/r(v) ≫ 1 can be achieved without any
conflict with the observational constraints. This makes it possible that r ∼ 10−2 even when
ǫφ ≪ 10−3.
In figure 4, we plot the tensor-to-scalar ratio r as a function of n for (Nk−ND, NT−Nk) =
(5, 20) and ǫφ = (3×10−3, 10−3, 10−4, 10−5). Again the blue-shaded part denotes the region
with P(s)R /P(v)R & 0.04, and the orange-shaded region gives |fNL| & 10.
From our results, we can notice that the allowed maximal value of r is rather insensitive
to the value of ǫφ. This can be understood from that the spectral index constraint (63) leads
to
r =
P(v)t + P(s)t
P(v)R + P(s)R
=
16
[
ǫφ + (ft/fR)(P(s)R /P(v)R )
]
1 + P(s)R /P(v)R
. 16
ft
fR
0.04
1 + 0.04
≃ 0.64 (2n− 1)
4(n− 2)2
(9n)2
(89)
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and this ǫφ-independent upper bound on r can be nearly saturated in most cases.
V. A MODEL
In this section, we discuss a model which can realize the scenario discussed in the previous
sections. As a specific example, we consider the dilaton potential and gauge kinetic function
given by
V (σ) ≃ µ3σ + dilaton-independent part, I(σ) = eσ/Λ, (90)
where µ and Λ are constant mass parameters. The above linear dilaton potential is valid
only for σ in the rolling regime, and we assume that the dilaton field is quickly stabilized
by a steep potential (see fig. 5) after the rolling period is over.
During the rolling period, the background dilaton field σ0 obeys
σ¨0 + 3Hσ˙0 + µ
3 ≃ 0, (91)
where we have neglected the back-reaction effect from the dilaton coupling to gauge fields.
Assuming a slow-roll motion, the solution is given by
σ0(t) = σin − µ
3
3H
(t− tin), (92)
where σin and tin denote the field value and the Robertson-Walker time coordinate, respec-
tively, at the beginning of the rolling. Substituting (92) to the gauge kinetic function I(σ0)
in (90), we find
I(t) = eσin/Λ (a/ain)
−n, n ≡ −I˙/HI = µ3/3H2Λ, (93)
where we have used the scale factor a ∝ eHt during the inflationary period.
Let us now identify the parameter region which can realize our setup. First, the dilaton
field needs to satisfy the slow-roll condition:
ǫσ =
M2P
2
(
∂σV
V
)2
≃ 1
18M2P
(
µ3
H2
)2
≪ 1, (94)
as well as the condition for the evolution rate of the dilaton-dependent gauge coupling:
n > 2 +O(0.1). (95)
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FIG. 5: A conceptual shape of the dilaton potential is presented. At first, the background dilaton
field rolls along the linear regime of its potential. The potential suddenly becomes steep at some
point, and consequently the slow-roll motion of the dilaton is terminated. This is the point where
the dilaton is stabilized, which corresponds to ND.
(Note that ησ = M
2
P∂
2
σV/V = 0 for the linear dilaton potential (90).) Obviously these two
conditions can be satisfied with an appropriate choice of µ and Λ, e.g.
Λ2 ≪ M2P , µ3 = O(3H2Λ) . (96)
In order not to ruin the evolution of the inflaton field, the total variation of the dilaton
potential over the rolling period should be subdominant compared to the total energy density.
This requires
∆V = µ3(σin − σD) ≃ µ
6(NT −ND)
3H2
< 3M2PH
2, (97)
where σD ≡ σ(tD) denotes the dilaton field value when the dilaton is stabilized, and
NT − ND = (tD − tin)H denotes the number of e-folding that the inflationary universe
has experienced over the rolling period. This leads to an upper bound on the duration of
the dilaton rolling as
NT −ND <
(
3H2MP
µ3
)2
=
1
n2
(
MP
Λ
)2
≡ ∆N (1)max. (98)
So far, we have ignored the effect of gauge fields on the evolution of the background
dilaton field, which would be justified only when
|∂σV | ≫
∣∣∣∣〈E2〉∂σII
∣∣∣∣ . (99)
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FIG. 6: Constraint on the model parameters n > 2 and Λ for H ≃ 5.5 × 1013GeV (Left) and
for H ≃ 3.2 × 1012GeV (Right). In the orange region, the dilaton does not satisfy the slow roll
condition (94). For Λ & 2 × 1018GeV, the dilaton slow roll parameter exceeds the unity, ǫσ & 1,
while for Λ & 5×1017 GeV, the dilaton slow roll parameter is ǫσ & 0.1, giving more stronger bound
on this model. The contours in the blue area show the maximal duration of the dilaton slow-roll,
allowed by the back-reaction constraints (98) and (101).
From (22), we find
1
2
〈E2〉 =
∫
d3p
(2π)3
|E(τ, p)|2 ≃ 2
2n−2H4
π3
Γ2(n + 1/2)
(2n− 4)
[
e(2n−4)(NT−ND) − 1] . (100)
where the infrared divergence of the momentum integral is regulated by the cutoff pin defined
in (58). Then the back-reaction constraint (99) leads to an another bound on the duration
of the dilaton rolling (or the duration of the gauge field production):
NT −ND . 1
2n− 4 ln
[
1 +
3π3
22n−2
n(n− 2)
Γ2(n+ 1/2)
(
Λ
H
)2]
≡ ∆N (2)max. (101)
There could be an additional constraint on the duration of the dilaton rolling from the
requirement ρU(1) ≪ ρinflaton. However, since the ρU(1) does not exceed the total variation of
the dilaton energy density, the constraint (99) automatically guarantees that ρU(1) ≪ ρinflaton.
At this stage, we want to point out that a rapid oscillation of the dilaton during its
stabilization process does not spoil the inflation. In this work, we have assumed that the
variation of the dilaton energy density over the period of rolling dilaton is small enough
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compared to the inflation energy density. We can simply extrapolate this assumption to the
regime where the dilaton is stabilized. The height of the steep dilaton potential would be
naturally small compared to the scale of inflaton field. In such a case, the back-reaction by
rapidly oscillating dilaton field can be safely neglected. See also [58] for how the sudden
change in the dilaton potential can affect the primordial perturbations.
In figure 6, we depict the constraint on n and Λ for two different values of the inflationary
Hubble scale H ≃ (5.5×1013, 3.2×1012) GeV. The contours show the maximal duration of
the dilaton rolling, ∆Nmax = min(∆N
(1)
max,∆N
(2)
max), allowed by the back-reaction constraints
(98) and (101). In the orange region above Λ & 2× 1018GeV, the background dilaton field
σ0 does not satisfy the slow-roll condition.
In figure 7, we impose the back-reaction constraints (98) and (101) on figure 3, while
assuming Λ = 1017GeV. For this value of Λ, the pink region excluded by the back-reaction
constraints are complementary to the constraint (63) from the scalar spectral index. It gives
more stringent bound for large NT −Nk and small Nk−ND region, which is still allowed by
the constraint from the spectral index.
In figure 8, we depict the maximal value of r which can be achieved within our model,
while satisfying all the available constraints, i.e. the spectral index constraint (63), the non-
gaussianity constraint (67), and the back-reaction constraints (98) and (101) for NT −ND =
25 and Λ = 1017 GeV. For this, we assumed the relation ǫφ ≃ 0.01 (H/1014GeV)2 which
would be valid in generic single field inflation scenario involving a spectator dilaton. For
small NT − Nk, the spectral index and non-gaussianity of the scalar perturbation sourced
by rolling dilaton provide the dominant constraints on the possible value of r. On the other
hand, for given values of ǫφ and NT − ND, a larger NT − Nk gives a smaller scalar power
spectrum P(s)R sourced by rolling dilaton (see (59)), and as a result the constraints from the
spectral index and non-gaussianity becomes less important, and r is limited dominantly by
the back-reaction constraints. Note that the maximal value of r is not so sensitive to the
value of ǫφ. This can be anticipated from the bound (89) which can be nearly saturated
in most cases. Here we can see that our model can give r & 10−2 which is large enough
to be probed in the near future [62], even when the inflation scale is relatively low to yield
ǫφ ≪ 10−3.
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FIG. 7: The contour plots show r and r/r(v) for n = 2.3 and ǫφ = (3 × 10−3, 10−3, 10−4, 10−5).
These figures are obtained by imposing the back-reaction constraints (98) and (101) on figure 3.
Note that the pink region excluded by the back-reaction constraints gives more stringent bound
for large NT −Nk and small Nk −ND region, which is still allowed by spectral index constraint.
VI. CONCLUSION
Fundamental theories for physics beyond the standard model of particle physics often
involve a dilaton field σ which results in a dilaton-dependent gauge coupling g(σ) = 1/I(σ).
Under a reasonable assumption on the time evolution of σ during the inflation epoch, the
dilaton coupling to gauge fields can evolve as I ∝ a−n, where n is approximately a constant.
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FIG. 8: The contour plot for the maximal value of r allowed by the observational constraints
for NT − ND = 25. For small value of NT − Nk, the non-gaussianity and spectral index of the
scalar power spectrum sourced by rolling dilaton provide the dominant constraints, while the back-
reaction constraints dominate for large NT −Nk.
If this evolution rate n is as large as n > 2, the energy density of the gauge fields produced
by rolling dilaton can grow in the superhorizon regime, and thereby significantly affect the
primordial perturbations.
In this paper, we have examined the possibility to have an observably large tensor-to-
scalar ratio with the tensor perturbation generated by the gauge fields produced by rolling
dilaton. As the dilaton-induced gauge fields generate a scalar perturbation which is strongly
scale-dependent and non-gaussian, this scheme is severely constrained by the observed ap-
proximately scale-invariant and gaussian scalar perturbation. Yet, we find that r can be
significantly enhanced relative to the standard result r = 16ǫ while satisfying the observa-
tional constraints, if the dilaton is stabilized before the end of inflation, but after the horizon
exit of the CMB scale.
Imposing the observational constraints on the scalar perturbation sourced by rolling dila-
ton, we find that for the inflaton slow roll parameter ǫφ & 10
−3, the tensor-to-scalar ratio can
be modified only by a factor of O(1) compared to the standard result. However, for smaller
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ǫφ, which corresponds to lower inflation energy scale, r can be enhanced by a much larger
factor. As a consequence, the tensor perturbation sourced by rolling dilaton can give rise to
an observably large r & 10−2 even when the inflaton slow roll parameter ǫφ ≪ 10−3. Con-
trary to the one from the vacuum fluctuation of the metric, the tensor perturbation sourced
by rolling dilaton generically has a strongly red-tilted scale dependence, i.e. nt = −2(n− 2)
whose magnitude can be of order unity. As discussed in Section V, our scenario can be
realized within the framework of a simple model in a self consistent manner.
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Appendix A: Equations of motion of perturbations
In this appendix, we derive the equations of motion (28) and (29) for the inflaton and
dilaton perturbations. For the action functional (5) and the spacetime metric (6) in the flat
gauge, the equations of motion for the inflaton and dilaton fields are given by
− 1√−g∂µ(
√−ggµν∂νφ) + ∂φV = 0,
− 1√−g∂µ(
√−ggµν∂νσ) + ∂σV = −1
2
I∂σIFµνF
µν .
Splitting the scalar fields into the backgrounds and the fluctuations, we obtain
φ′′0 + 2Hφ′0 + a2∂φ0V (φ0) = 0,
σ′′0 + 2Hσ′0 + a2∂σ0V (σ0) = a2
∂σ0I(σ0)
I(σ0)
〈E2 − B2〉,
and
δφ′′ + 2Hδφ′ + a2
(
∂2φ0V +
k2
a2
)
δφ+ k2φ′0B − φ′0Φ′ + 2a2Φ∂φ0V = 0,
δσ′′ + 2Hδσ′ + a2
(
∂2σ0V +
k2
a2
)
δσ + k2σ′0B − σ′0Φ′ + 2a2Φ∂σ0V = S2,
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where
S2(τ,k) =
a2I,σ
I
[
(E2 − B2)− 〈E2 − B2〉] (τ,k).
Similary, from the Einstein equation, one finds the following equations of motion for the
metric perturbations in the flat gauge:
3H2Φ− H
a
k2B = − δρ
2M2P
,
HΦ = − δq
2M2P
,
HΦ˙ + (3H2 + 2H˙)Φ =
1
2M2P
(δp− 2
3
Π),
−k
2
a2
(Φ + aB˙ + 2aHB) =
Π
M2P
,
where δp, δq, and Π are defined through the fluctuation of the energy momentum tensor as
δT ti = ∂iδq,
δT ik = δp δ
i
j +Π
i
j,
for the anisotropy tensor Πij decomposed as
Πij =
(
1
3
δij −
∂i∂j
∇2
)
Π+
1
2
(Π
(v),i
j +Π
(v)i
,j) + Π
(t)i
j .
Then, assuming the slow-roll motion of the involved scalar fields, we obtain
δφ′′ + 2Hδφ′ + a2
(
∂2φV +
k2
a2
)
δφ = − a
2φ˙0
2M2PH
[
(δρ− δp) + 2
3
Π
]
− ǫ a
2φ˙0
M2PH
Hδq,
δσ′′ + 2Hδσ′ + a2
(
∂2σV +
k2
a2
)
δσ = S2 − a
2σ˙0
2M2PH
[
(δρ− δp) + 2
3
Π
]
− ǫ a
2σ˙0
M2PH
Hδq.
where ǫ ≡ −H˙/H2. Under the slow-roll assumption, the last term in the right hand side of
these equations of motion can be neglected. In our setup, the energy momentum tensor is
determined by the inflation, dilaton, and gauge fields, which leads to the relations[
(δρ− δp) + 2
3
Π
]
inflaton
≃ −6Hφ˙0δφ,[
(δρ− δp) + 2
3
Π
]
dilaton
≃ −6Hσ˙0δσ,[
(δρ− δp) + 2
3
Π
]
gauge
≃ kˆikˆj(EiEj +BiBj)(τ,k).
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Putting these into the equations of motion of the scalar field fluctuations, we finally find
δφ′′ + 2Hδφ′ + k2δφ+ a2
(
∂2φV − 3
φ˙20
M2P
)
δφ− 3a2 σ˙0φ˙0
M2P
δσ = S1,
δσ′′ + 2Hδσ′ + k2δσ + a2
(
∂2σV − 3
σ˙20
M2P
)
δσ − 3a2 σ˙0φ˙0
M2P
δφ = S2 + S3,
where the three source terms are given by
S1(τ,k) = − a
2φ˙0
2M2PH
∫
d3p
(2π)3/2
(ki − pi)pj
k2
[
Êi(τ,p)Êj(τ,k− p) + B̂i(τ,p)B̂j(τ,k− p)
]
,
S2(τ,k) = a
2 I,σ
I
∫
d3p
(2π)3/2
[
Êi(τ,p)Êi(τ,k− p) + B̂i(τ,p)B̂i(τ,k− p)
]
,
S3(τ,k) = − a
2σ˙0
2M2PH
∫
d3p
(2π)3/2
(ki − pi)pj
k2
[
Êi(τ,p)Êj(τ,k− p) + B̂i(τ,p)B̂j(τ,k− p)
]
.
Appendix B: Green function
Here we compute the Green function up to first order in the slow-roll parameters. For
the differential equation[
∂2τ +
(
k2 − 2−∆±
τ 2
)]
Gk(τ, τ
′; ∆±) = δ(τ − τ ′), (B1)
the solution is given by
Gk(τ, τ
′; ∆±) = iΘ(τ − τ ′) [Qk(τ ; ∆±)Q∗k(τ ′; ∆±)−Q∗k(τ ; ∆±)Qk(τ ′; ∆±)] ,
where Qk(τ) denotes the homogeneous solution of (B1). One then finds
Qk(τ ; ∆±) =
1√
2k
√
−kτπ
2
H(1)ν± (−kτ),
which yields
Gk(τ, τ
′; ∆±) =
iπ
4
√
ττ ′Θ(τ − τ ′) [H(1)ν± (−kτ)H(1)∗ν± (−kτ ′)−H(1)∗ν± (−kτ)H(1)ν± (−kτ ′)] ,
where the order of the Hankel function is given by
ν± =
3
2
√
1− 4∆
2
±
9H2
≃ 3
2
− ∆±
3
.
Here we are interested in the perturbation at superhorizon scale |kτ | ≪ 1, produced by
gauge fields at another superhorizon scale |kτ ′| ≪ 1. Then, using the asymptotic form of
the Hankel function H
(1)
ν (x) in the limit x≪ 1,
H(1)ν (x) ≃ −
iΓ(ν)
π
(
2
x
)ν
+
1
Γ(ν + 1)
(x
2
)ν
− iΓ(−ν)
π
cos νπ
(x
2
)ν
,
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we find
Gk(τ, τ
′; ∆±) ≃ Θ(τ − τ ′)
√
ττ ′
2
Γ(ν±)
Γ(ν± + 1)
[(
τ ′
τ
)ν±
−
( τ
τ ′
)ν±]
,
which results in
Gk(τ, τ
′; ∆+)−Gk(τ, τ ′; ∆−)
≃ Θ(τ − τ ′)
(
∆− −∆+
9
)(
τ ′2
τ
)[(
ln
τ ′
τ
− 2
3
)
− τ
3
τ ′3
(
ln
τ
τ ′
− 2
3
)]
. (B2)
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